The site-perimeter of a polyomino is the number of empty cells connected to the polyomino by an edge. A formula for the minimum site-perimeter with a given cell size is found. This formula is used to show the effectiveness of a simple random strategy in polyomino set achievement games.
The random neighbor strategy
In the full set (1, q)-achievement game the maker can follow the strategy of randomly marking a cell adjacent to one of his earlier marks. We call this the random neighbor strategy. If the maker is able to follow this strategy for s turns then he can mark an animal of size s and win the F s achievement game. Of course it is possible that this strategy fails after r < s turns because the whole exterior boundary E(P r ) of the animal P r ∈ F r built from the maker's r marks is already marked by the breaker. This will not happen though if the total number rq of marks by the breaker is smaller than the smallest possible site-perimeter of P r .
Definition 2.1. We use the notation ǫ(s) = min{e(P ) | P ∈ F s } for the minimum site-perimeter in F s .
The proof of the following proposition is clear from the discussion above.
Proposition 2.2. The random neighbor strategy is successful in the full set (1, q)-achievement game for s turns if rq < ǫ(r) for all r < s.
It suffices to require that the inequality holds for r = s − 1. We are going to prove this stronger result in Proposition 5.5 after we find a formula for ǫ(s). For small s, this value can be found using a full search. The following figure shows every animal P ∈ F s satisfying e(P ) = ǫ(s) for s ≤ 8.
Note that ǫ(4) = ǫ(5) and ǫ(7) = ǫ(8). Also note that some of the listed animals in F 4 and F 7 can be constructed from animals in F 5 and F 8 respectively by deleting one cell. The listed animals in F i for i ∈ {1, 2, 3, 5, 6, 8} have maximal size among animals with the same site-perimeter. Animals with this property have another special property. In the next section we study this property.
Saturated animals
In this section we study animals that cannot be made larger without increasing their siteperimeter.
Definition 3.1. A cell x ∈ E(P ) is admissible to the animal P if e(P ∪ {x}) ≤ e(P ). P is called saturated if it has no admissible cells. We use the notation S for the set of saturated animals.
Example 3.2. It is easy to check that adding a cell to any of the animals in the following four parametrized families increases their site-perimeter and so they are all saturated.
Every listed polyomino is the collection of all cells with center points strictly inside a rectangle standing on its corner. Let (x 1 , x 2 ) denote the coordinates of the center point of the cell x. Representatives of the polyominoes can be defined by A k,n = {x | −n < x 2 − x 1 < n and n − 1 < x 2 + x 1 < n + 2k − 1} B k,n = {x | −n < x 2 − x 1 < n + 1 and n − 1 < x 2 + x 1 < n + 2k} C k,n = {x | −n − 1 < x 2 − x 1 < n + 1 and n − 1 < x 2 + x 1 < n + 2k + 1} D k,n = {x | −n < x 2 − x 1 < n and n − 2 < x 2 + x 1 < n + 2k − 1}.
In each family, the first and second indices in the notation determine the number of upper left and upper right corners respectively. The families are distinguished by the number of cells in their top and bottom rows, and their left and right columns. For example, the members of family B have one cell in their top and bottom rows, and two cells in their left and right columns. Families A, B and C are central symmetric so we can assume that the first index is not larger than the second. Family D is not central symmetric. Note that A 1,n is not an animal for any n ≥ 2 and that D k,1 does not exist. Thus the families are
Our next goal is to show that these are the only saturated animals, that is, S = A ∪ B ∪ C ∪ D.
Proof. When we add the cell x to the animal P , the site-perimeter is decreased by 1 since x ∈ E(P ). At the same time the site-perimeter is increased by the number of cells that are adjacent to x but not in P ∪ E(P ).
Lemma 3.4. If P ⊆ Q and x ∈ E(Q) is admissible to P then x is also admissible to Q.
Proof. The result follows from the calculation below using Lemma 3.3 and the fact that
Proposition 3.5. If P i is saturated for all i ∈ I then so is P = i∈I P i .
Proof. Suppose that P is not saturated and so has an admissible cell x ∈ E(P ). Since x / ∈ P , there must be a j ∈ I such that x / ∈ P j . Then x ∈ E(P j ) and so x is admissible to P j by Lemma 3.4, but this is a contradiction.
Definition 3.6. The saturation of the animal P is the saturated animal P = {Q | P ⊆ Q and Q is saturated}.
Note that every animal is contained in a saturated animal that is congruent to A n,n for a large enough n. So P is well defined, in fact, P is the minimum saturated animal containing P . It is clear from the definition that if P ⊆ Q then P ⊆ Q.
Proposition 3.7. If x is admissible to P then x ∈ P .
Proof. Assume that x is admissible to P but x / ∈ P . Then x ∈ E(P ) since x ∈ E(P ) and P ⊆ P . Hence x is admissible to P by Lemma 3.4 which is a contradiction.
The following is an easy consequence.
Corollary 3.8. Let P 0 = P . If there is a cell x i admissible to P i then recursively define P i+1 = P i ∪ {x i }. Then P = P k for some k.
Corollary 3.9. e(P ) ≤ e(P ) for all animal P .
Proof. In the process described in Corollary 3.8 we have e(P ) = e(P k ) ≤ e(P k−1 ) ≤ · · · ≤ e(P 0 ) = e(P ).
Proposition 3.10. Let S 1 = {A 1,1 }. Recursively define S n+1 = {P ∪ {x} | P ∈ S n and x ∈ E(P )}.
Lemma 3.11. If an animal contains the three full cells but not the empty cell as shown in one of the two figures below, then the empty cell is admissible to the animal.
Proof. In each case adding the empty cell to the animal decreases the site-perimeter by 1 and may increase it by at most 1.
These two admissibility rules are used in the next result to find the saturation of any animal gotten from the animals in Example 3.2 by adding one extra cell.
Proposition 3.12. If P ∈ A ∪ B ∪ C ∪ D and x ∈ E(P ) then P ∪ {x} ∈ A ∪ B ∪ C ∪ D.
Proof. Let Q = P ∪ {x}. The following pictures summarize what the saturation of Q is going to be.
If x is one of the cells symbolized by a line then Q is P together with the cells of that line. If x is one of the cells symbolized by a dot then Q is P ∪ {x} together with the cells of the two lines joining to the dot representing x. The letters next to lines and dots and also in the empty cells show the type of Q. For example if P = D 2,3 and x is the empty cell on the top of P then Q = D 3,3 ∈ D as shown in the following figure. The empty cells need to be added to Q to get Q.
The following graph shows the possible type changes from P to Q. Solid lines indicate that e(Q) = e(P ) + 1 while dotted lines indicate that e(Q) = e(P ) + 2.
Note that getting from type A to type D is not possible if P = A 1,1 . This is the only case when a transition shown on the graph is not possible. Proof. The result follows from Propositions 3.10 and 3.12.
Definition 3.14. Let G e be the set of animals with site-perimeter e. We use the notation σ(e) = max{s(P ) | P ∈ G e } for the maximum cell size in G e .
The following proposition is the reason for studying saturated animals.
Proposition 3.15. If P is in G e with s(P ) = σ(e) then P is saturated.
Proof. If P is not saturated then 1 < s(P ) < s(P ). By Corollary 3.9, we have e(P ) ≥ e(P ). By the type change graph at the end of the proof of Proposition 3.12, we can change P into other saturated animals P = Q 0 , Q 1 , . . . , Q l along the solid arrows such that e(Q i+1 ) = e(Q i ) + 1 for each i and e(Q l ) = e(P ). This is a contradiction since Q l ∈ G e but s(Q l ) ≥ s(P ) > s(P ).
Note that B 1,2 ∈ G 8 is saturated but s(B 1,2 ) = 4 = σ(8) since A 2,2 ∈ G 8 with s(A 2,2 ) = 5. In the next section we find those saturated animals that make the size maximal in G e .
Animals of fixed perimeter and maximal size
It is easy to calculate the size and the site-perimeter of saturated animals. The following table shows these values:
From this we can calculate the maximum size for a given site-perimeter.
Theorem 4.1. For e ∈ {4, 6, 7, 8, . . .} we have σ(e) = ⌊e 2 /8 − e/2 + 1⌋.
Proof. Any animal in G e with maximal size is saturated, so we only need to consider saturated animals. For a fixed site-perimeter e we can express the parameter k for the families in Example 3.2 in terms of e and n, and hence s(P ) in terms of e and n. The resulting expression for the size is quadratic. The maximum value is taken at the closest integer to the vertex. The location of this integer depends on the congruence class of e modulo 4. We summarize the calculation in the tables below. The site-perimeter in the families A, B and C is always even. So for even e such that e ≥ 4 we have the following.
2 + en − e/2 + 1 −2n 2 + (e − 2)n −2n 2 + (e − 4)n + e/2 − 2 vertex e/4 e/4 − 1/2 e/4 − 1 optimal n * e/4 e/4 e/4 − 1 e ≡ 0 (4) optimal k e/4 e/4 − 1 e/4 − 1 max s(P ) e 2 /8 − e/2 + 1 e 2 /8 − e/2 e 2 /8 − e/2 optimal n * e/4 + 1/2 * e/4 − 1/2 e/4 − 1/2 e ≡ 2 (4) optimal k e/4 − 1/2 e/4 − 1/2 e/4 − 3/2 max s(P ) e 2 /8 − e/2 + 1/2 e 2 /8 − e/2 + 1/2 e 2 /8 − e/2 − 1/2
The site-perimeter in the family D is always odd so for odd e such that e ≥ 7 we have the following.
optimal n * e/4 − 1/4 e ≡ 1 (4) optimal k e/4 − 1/4 max s(P ) e 2 /8 − e/2 + 3/8 optimal n * e/4 + 1/4 e ≡ −1 (4) optimal k e/4 − 3/4 max s(P ) e 2 /8 − e/2 + 3/8
Now we just need to pick the family that gives the maximum size. For e divisible by 4 this is family A. For e ≡ 2 (4) this is either family A or B. For odd e only family D is possible. These choices are denoted by a star in the table. Thus
2 /8 − e/2 + 1/2 if e ≡ 2 (4) e 2 /8 − e/2 + 3/8 if e ≡ 1 (2) which simplifies to ⌊e 2 /8 − e/2 + 1⌋. Note that family C never gives the maximum.
Lemma 4.2. The function σ is strictly increasing.
Proof. The value ρ(5) is undefined and ρ(4) = 1 < 2 = ρ(6). For e ≥ 6 we have σ(e + 1) − σ(e) > (e 2 /8 − e/2 + 3/8) − ((e + 1) 2 − (e + 1)/2 + 1) = e/4 − 1 > 0.
Corollary 4.3. If σ(e) < s then ǫ(s) > e.
Proof. For a contradiction suppose that ǫ(s) ≤ e. Then there is a P such that s(P ) = s and e(P ) ≤ e. Hence σ(e(P )) ≥ s. This is a contradiction since σ is increasing and so σ(e(P )) ≤ σ(e) < s.
Animals with minimum site-perimeter
In this section we use our formula for σ to find a formula for ǫ. The main difficulty is that we do not know whether ǫ is increasing. We are going to show that the animals realizing the minimum site-perimeter can be gotten from saturated animals be peeling off some of the cells along an edge. The following lemma is an easy consequence of Lemma 3.11.
Lemma 5.1. The site-perimeter of a saturated animal with parameter (k, n) does not change if we delete l ∈ {1, . . . , n − 1} cells starting at the corner indicated by a dot, going along the edge indicated by the arrow. For example in the animals below we can delete any of the set of cells {1}, {1, 2} or {1, 2, 3} without changing the site-perimeter.
Proposition 5.2. If s ∈ N then ǫ(s) is the smallest number e ∈ {4, 6, 7, 8, . . .} such that σ(e) ≥ s.
Proof. If σ(e) < s then ǫ(s) > e by Corollary 4.3. Let e be minimal with σ(e) ≥ s. It suffices to show that there is an animal P with s(P ) = s and e(P ) = e. We need to consider four cases. If e ≡ 0 (4) then e − 1 ≡ 1 (2). Hence we have σ(e) = s(A e/4,e/4 ) = e 2 /8 − e/2 + 1
and so σ(e) − σ(e − 1) = e/4. This means that s > σ(e − 1) = σ(e) − e/4. Hence P can be created by peeling off cells from A e/4,e/4 along an edge. Note that we must have e ≥ 8 and so e/4 ≥ 2 which means that peeling off cells does not create a disconnected set of cells. If e ≡ 2 (4) then e − 1 ≡ 1 (2). Hence we have σ(e) = s(A e/4−1/2,e/4+1/2 ) = e 2 /8 − e/2 + 1/2 σ(e − 1) = (e − 1) 2 /8 − (e − 1)/2 + 3/8 and so σ(e) − σ(e − 1) = e/4 − 1/2. This means that s > σ(e − 1) = σ(e) − (e/4 − 1/2). Hence P can be created by peeling off cells from A e/4−1/2,e/4+1/2 along the longer edge. Note that we must have e ≥ 6 and so e/4 + 1/2 ≥ 2 which means that peeling off cells does not create a disconnected set of cells. If e ≡ −1 (4) then e − 1 ≡ 2 (4). Hence we have σ(e) = s(D e/4−3/4,e/4+1/4 ) = e 2 /8 − e/2 + 3/8
σ(e − 1) = (e − 1) 2 /8 − (e − 1)/2 + 1/2 and so σ(e) − σ(e − 1) = e/4 − 3/4. This means that s > σ(e − 1) = σ(e) − (e/4 − 3/4). Hence P can be created by peeling off cells from D e/4−3/4,e/4+1/4 along the longer edge. If e ≡ 1 (4) then e − 1 ≡ 0 (4). Hence we have σ(e) = s(D e/4−1/4,e/4−1/4 ) = e 2 /8 − e/2 + 3/8
σ(e − 1) = (e − 1) 2 /8 − (e − 1)/2 + 1 and so σ(e) − σ(e − 1) = e/4 − 5/4. This means that s > σ(e − 1) = σ(e) − (e/4 − 5/4). Hence P can be created by peeling off cells from D e/4−1/4,e/4−1/4 along an edge.
Theorem 5.3. ǫ(s) = 2 + √ 8s − 4 .
Proof. The functions σ ♯ (e) = e 2 /8 − e/2 + 1 σ ♭ (e) = e 2 /8 − e/2 + 3/8 are strictly increasing and σ ♭ (e) ≤ σ(e) ≤ σ ♯ (e) for e ≥ 4. Let x = ⌈σ 
